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Abstract. Svenonius theorem describes the first-order definability in a structure in the 
terms of groups of permutations of elementary extensions of the structure. In the present 
paper we reformulate Svenonius theorem in the combinatorial terms. 



Consider a structure M —< A, £ U {R} > with universe A and signature £ U {R} . 
Relation R is definable in < A, £ > (or simply definable by signature £), if M N 
(Vxi, . . . , x n )(R(xi, . . . , x n ) = S{x\, . . . , x n )) for some first-ordered formula S in the signa- 
ture £. 

If (/? is permutation on set B (bijectively mapping of B on B), and P - some n-ary 
relation on B , then we say that <p preserves P , if P(ai, . . . , a„) = P(<ya(ai), . . . , <p(a n )) 
for all ai, . . . , a„ G B . A collection of permutations preserves a relation if all members of 
the collection preserves the relation. Svenonius theorem [1] for countable structures may be 
formulated as 

Svenonius theorem. Let M —< A, £ U {R} > be a countable structure with signature 
£ U {R} ■ Relation R is definable in <A, £> iff for any countable elementary extension 
<A' ',£ U {R}> of M the group of permutations on A' , preserving all relations from £, 
preserves R. 

This theorem describes the first-order definability in the logical term of the elementary 
equivalence. In the current paper we try to reformulate the Svenonius theorem in the simple 
combinatorial terms. 

For sure according to well-known result of Keisler and Shelah two structures are elemen- 
tary equivalent if and only if they have isomorphic ultrapowers (e.g. [5]). So the Svenonius 
theorem allows to describe the first-order definability in the combinatorial terms of ultra- 
powers and permutations. But we will try to describe a more direct and simple construction. 

Let A be a countable universe, N - the set of natural numbers. By T we denote the 
set of everywhere defined functions / : — > A. If P is n-ary relation on A and ip is 
a mapping J- — > T then we say that ip almost preserves P if {i\P(fi(i), f n (i)) ^ 
fO/K/OWi • • • > Vtfn) (i))} is finite for any /i, . . . , /„ in Dom(ip) . 

As usual we suppose that a signature E contains the equality = . By Q a where Q is a 
formula in E U {R} and a = ±1 we denote the formula Q if a = 1 and -^Q if a = —1 . 

We are going to prove the next statement: 

Theorem. ( CH) Let Al =<A, E U {R}> be a countable structure with signature E U {R} . 
The following conditions are equivalent: 

(1) Relation R is definable in <A, £> 

(2) any permutation ip on J- which almost preserves all relations from E almost preserves 
relation R. 
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The following lemma is an analog of u>i saturation of an ultrapower (e.g. [5]). 

Lemma 1. // countable mapping ip: J- — > J- almost preserves any relation, definable in 
the M' =<j4, S>, then for any a ^ Dom(ip) exists such b G J 7 that (pU < a.b > almost 
preserves any relation, definable in the <A, £> . 

Proof. We enumerate P\(x\, . . . , x kl , y), ■ ■ ■ , P m (xi, . . . , x km , y), . . . all definable in <A, E> 
relations. Let {/i, ...,/„,... } = Dom(ip) . For any k £ N we define as max{m ^ 

fc|M' N (32/)(A™i^r(^(/r fc )).y))} where o-i = 1 if M' N P,(/(k),a(fc)) and CTi = -f if 
A/' N -.Pi(/(fc), a(fc)) . Define a function 6: TV -> A such that M' N A™\ Pf* (<p(f(k)), b(k)) 
if mfc > 0, b(k) is an arbitrary element of A if = 0. 

We need to show that {i\Pj(fi(i), . . . , f kj (i), a(i)) Pj(ip(fi)(i), . . . , tp(f kj )(i), b(i))} is 
finite for any j. Consider all formulas Qg{x,y) = l\i— 1 P7 i {x,y) for all collections t? = 
<7i, . . .Oj . The mapping ip almost preserves all relations (3y)Q$(x, y) so there is such no that 
(3y)Qff(f(i), y) = (3y)Q 3 {ip(f)(i), y) for any vector a and i > n . If I > max{j, n } then by 

definition of m; holds to ; > j so P, (/i(0, ■ • • 5 fk } (0> °(0) = f j(^(/l)(0: • • • > V(/fej)(0) b (0) • 

□ 

Proof of the theorem. 

Proof. (1) =>■ (2). Let (/? be a permutation on J 7 , y> almost preserves all relations from £, 
and for some fi,...,f n in J 7 the set 5 = {i|P(/i(i), . . . , /„(i)) ^ P(<^(/i)(i), . . . , ¥>(/«)(«))} 
is infinite. Consider an ultrapower JJ^ M where [/ is a nonprincipal ultrafilter on N , 
S E U. Since 9? almost preserves the equality, the mapping ip: Yiu M — > Yiu ^ * s the 
automorphism preserving £ but not preserving relation R. 

(2) => (I). The proof follows the proof of the original Svenonius theorem. If /, g G T 
then f ~ g denotes that {i\f{i) ^ g{i)} is finite, by [/] we denote the corresponding 
equivalence class of /. For any ordinal a < Hi we will construct such a partial mapping 
ip a : J- — > T that (i) Dom(ip a ) is countable (ii) (p a C ipp if a < (3 (iii) if / G Dom(<p a ) 
then [/] C Dom(ip a ) and </3 a ([/]) = [</?a(/)] (iv) almost preserves any relation definable 
in <A, £> . We set ip = U q <n 1 ■ 

a = 0. We enumerate Pi(x), . . . , P m (x), ... all n-ary definable in <iV, £> relations and 
note that M N (3a)(3b)((R(a) ^ P(b)) A A™ i(P(«) = P(&))) for all to G AT. Otherwise 
M N (Va)(V6)(A™ i(P(a) = P(&)) -> (-K(S) = P(6))) for some m G iV so P(x) is equivalent 
to a disjunction of finite number of A«=i Pp formulas. 

Let a(m) and b(m) be some vectors such that M \= ((R(a(m)) ^ R(b(m))) A 
A^Li(Pi(a(w)) = Pi(H m ))))- Define functions oi, . . . , a n , b%, . . . , b n £ J as o,j(i) = 
(a(i))j,bj(i) = (b(i))j . We define ifo(ai) — b% and expand ipo so that ipo([ai}) = [bi]. 

< a < . Denote by <p' = U/3< Q <Pfl an d by g the item of J 7 with the index a. We 
define ip a D tp' . We use lemma 1 to define <p a (g) if 5 ^ Dom(ip') and to define y^ 1 ^) if 
5 £ Rang(<p'). We extend <yS Q so that <yS Q ([g]) = [^(.9)] and ^([g]) = I^ 1 ^)]- n 

Remark. With a structure M =<A, S> we can associate the Boolean valued structure 
M B =< B, < T, S >, * > such that 

(i) P is Boolean algebra 2 N / «, where the equivalence w is defined as Si ~ S2 O 
\ S 2 ) U (5 2 \ Si) is finite) 
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(ii) "J is the operation which assigns to each formula Q(fi, ■ ■ ■ , f n ) of E with free 
variables among x±,...,x n a function A n —¥ B, whose value at fi,...,f n is denoted 
*(Q(/i, •..,/»))• For a relation P e E we set *(Q(/i, . . . , /„)) = {*|Q(/i(<), • • • , /n(*))} 
and build up the interpretation of all formulas in the usual way. 

From this point of view a permutation of J- almost preserving relations from E is an 
automorphism of the structure Mb and our statement is similar to the result of [3]. 
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